One of the key properties of single-photon detectors is their recovery time, i.e. the time required for the detector to recover its nominal efficiency. In the case of superconducting nanowire single-photon detectors (SNSPDs), which can feature extremely short recovery times in free-running mode, a precise characterisation of this recovery time and its time dynamics is essential for many quantum optics or quantum communication experiments. We introduce a fast and simple method to characterise precisely the recovery time of SNSPDs. It provides full information about the recovery of the efficiency in time for a single or several consecutive detections. We also show how the method can be used to gain insight into the behaviour of the bias current inside the nanowire after a detection, which allows predicting the behaviour of the detector and its efficiency in any practical experiment using these detectors.
I. INTRODUCTION
Single-photon detectors are a key component for optical quantum information processing. Among the different technologies developed for single-photon detection, superconducting nanowire single-photon detectors (SNSPDs) have become the first choice of many applications showing performances orders of magnitude better than their competitors. These nano-devices have stood out as highly-promising detectors thanks to their high detection efficiency 1 , low dark count rate 2 , excellent time resolution 3, 4 and fast recovery 5 . Superconducting nanowire single photon detectors have already had an important impact on demanding quantum optics applications such as long-distance quantum key distribution 6 , quantum networking 7 , optical quantum computing 8 , deviceindependent quantum information processing 9, 10 and deep space optical communication 11 .
Depending on the application, some metrics become more important than others and can require extensive characterisation. One example is quantum key distribution (QKD), where the recovery time of SNSPDs limits the maximum rate at which it can be performed. In such a case, studying the time evolution of the SNSPD efficiency after a detection becomes important and would give us insight into the detector's behaviour, allowing the prediction of experimental performances. Obtaining accurate information is however a nontrivial task because the recovery time is intrinsically linked to the time dynamics of the bias current flowing inside the detector.
There are several methods used to characterise the recovery time of the efficiency of a SNSPD. The first one uses the output pulse delivered by the readout circuit to gain knowledge about the recovery time dynamics. However, we cannot fully trust this method since the time decay of the output voltage pulse is inevitably affected by the amplifier's bandwidth and by all other filtering and parasitic passive components. In a) Electronic mail: gaetan.gras@idquantique.com the best case we can only have an indirect estimation of the efficiency temporal evolution. A second method consists of extracting the recovery time behaviour from the measurement of the detection rate as a function of the incident photons rate. This method can be performed with either a continuous-wave or a pulsed laser source. The main problem with the pulsed source configuration is that we can only probe the efficiency at time stamps multiple of the pulse period which does not give full information about the continuous time dynamics. Both methods have the drawback of only providing an average efficiency per arriving photon. They can moreover be very sensitive to external parameters such as the discriminator's threshold level. Hence, using one of these measurements does not allow one to make unambiguous predictions about the behavior of the detectors in other experiments. Another method is based on measuring the auto-correlation in time between two subsequent detections when the detector is illuminated with a continuous-wave laser 12 or a pulsed laser 13 . This method has the clear advantage over all other methods of allowing a direct observation of the recovery of the efficiency in time, and it can therefore reveal additional details (for example the presence of afterpulsing). While the implementation of this auto-correlation method is relatively simple, the acquisition time can however be very long.
In this article we introduce and demonstrate a novel method, simple in both its implementation and analysis, to fully characterise the recovery time dynamics of a singlephoton detector. This method is an improvement of the autocorrelation method mentioned above, and has the advantage of a much shorter acquisition time with no need of data postprocessing. We apply it to characterise the recovery time of SNSPDs under different operating conditions and for different wavelengths. We can also use it to estimate the variation of the current inside the detector after a detection, and consequently, gain insights into what happens to the bias current when two detections occur within the time period needed by the efficiency to fully recover. This method also allows us to reveal details that are otherwise difficult to observe, such as afterpulsing or oscillations in the bias current's recovery as well as predict the outcome of the count rate measurement. 
II. HYBRID-AUTOCORRELATION METHOD
To investigate the time-dependence of the detection efficiency after a first detection event, a useful tool is the normalised time autocorrelation of one detector, which is proportional to the expected probability value of having two detection events separated in time by ∆t on the same detector. For an ideal detector with a zero recovery time, the detection events occuring at times t and t + ∆t are independent when illuminated with coherent light. In this case the autocorrelation will be equal to one for any value of ∆t. For a detector with a non-zero recovery time, the autocorrelation function will be equal to zero at ∆t = 0, and then it will recover towards one with a shape that is directly indicative of the value of the efficiency after a detection occurring at time zero.
This method can be implemented with a continuous wave (CW) 12 or pulsed laser 13 and it has the advantage of allowing a direct observation of the recovery of the efficiency in time. Its implementation requires a statistical analysis of the interarrival time between subsequent detections. A schematic of an implementation of this method with a pulsed laser is shown in Fig. 1a , and we use it for comparison with the novel method we introduce hereafter. A delay generator (DG) is used to generate two laser pulses with a controllable time delay between them. The triggerable laser is generating short pulses that are then attenuated down to ≈ 0.1 photon per pulse by calibrated variable attenuators. The output signal of the detector is fed to a time-to-digital converter (TDC) that records the arrival times of the detections.
To reconstruct the recovery of the efficiency in time after a first detection, we analyse the time stamps to estimate the probability of the second detection as a function of its delay with respect to the first one. This method can be significantly time consuming because only one given delay can be tested at once. Moreover, one needs a detection to occur in the first pulse to count the occurrences. It also requires to have the same power in both pulses and this power needs to be very stable during the whole duration of the experiment, which can be difficult to guarantee with some triggered lasers such as gain-switched laser diodes.
Here we introduce a new method, named hybridautocorrelation, that combines the pulsed and CW autocorrelation methods. The advantages of this hybrid measurement are its rapidity, flexibility in terms of wavelengths, ability to faithfully reveal the shape of the recovery of the efficiency as well as tiny features such as optical reflections in the system or even oscillations of the bias current after the detection and most importantly, it doesn't require any post-processing to extract information. In the hybrid-autocorrelation method (Fig. 1b ), a light pulse containing a few tens of photons is used to make the detector click with certainty at a predetermined time, which greatly reduces the total collection time needed to build the statistics. This pulse is combined on a beamsplitter with a weak but steady stream of photons (typically about 10 6 photons/second or less) coming from an attenuated CW laser. These photons are used to induce a second detection after the one triggered by the pulsed laser, and the detection probability is proportional to the efficiency at this given time. There are no big constraints on the pulsed laser; its pulse width needs only to be much smaller than the recovery time, it does not have to be at the same wavelength as the one required for the recovery time measurement (which is determined by the CW laser) and its power and polarisation do not need to be highly stable (because its only role is to create a detection at a given time with certainty). To record the detection times we use a TDC building start-stop histograms configuration, where the start is given by the DG triggering the pulsed laser.
III. RESULTS
We implemented the pulsed and hybrid-autocorrelation methods using a 1550 nm gain-switched pulsed laser diode with 300 ps pulse width and a CW laser at 1550 nm (for the hybrid method). We used meandered and fibre-coupled molybdenum silicide (MoSi) SNSPDs fabricated by the U. of Geneva group 4 . The arrival times of the detections were recorded with a TDC (ID900 from IDQ) with 100 ps-wide time bins. Figure 2 shows the temporal evolution of the normalised efficiency after a first detection obtained with the pulsed and hybrid-autocorrelation methods. The detector was biased very closely to the switching current I SW , defined as the current at which the dark counts start to rise quickly. Both methods yielded similar results in the trend of the curves, but the pulsed autocorrelation method gave a much larger scatter in the data. This scatter is caused by the instability of the laser power over the duration of the measurement (about 6 hours). The hybrid-autocorrelation method measurement required only about one minute of acquisition time and gave the exact shape of the recovery of the efficiency. We also noticed that the detector does not show any afterpulsing effects, otherwise the normalized efficiency curve could momentarily reach values larger than one. 
A. Current and wavelength dependency
Using the hybrid-autocorrelation method we could also investigate the dependency of the recovery time on different operating conditions. First we looked at the behaviour with different bias currents. Fig. 3a shows the time recovery histograms for different bias currents from 8.5 µA to 13.0 µA, which correspond to the switching current I SW of our detector. Fig. 3b shows the time needed by the detector to recover 50% (red curve) and 90% (blue curve) of its maximum efficiency as a function of the bias current. The results show that the SNSPD recovery time is shorter for increasing bias current, which is expected from the shape of the efficiency curve with respect to the bias current ( Fig. 5b ). Indeed this curve exhibits a plateau, allowing the current that is re-flowing into the nanowire after a first detection, to reach the full efficiency faster.
Second we vary the wavelength of the CW laser. The results are shown in Fig. 4 . As expected, we can see that the lower the wavelength, the faster the recovery time. This is due to the reduction of the critical current with decreasing wavelength, while the switching current stays unchanged. This leads to an increase of the plateau length, allowing a faster recovery of the full efficiency. Interestingly, the curve at 850 nm seems to reveal some small oscillations of the efficiency around 30 ns after the trigger detection. While the origin of this small oscillation is not entirely clear (and we did not investigate this further), it nevertheless illustrates the capacity of the method to reveal some specific transient details of the efficiency recovery dynamics, or of the interplay between the voltage pulse and the discrimination circuitry. 
B. Current inside the SNSPD after detection
The SNSPD can be at first order modelled by an inductance L k presenting the kinetic inductance of the nanowire, serially connected to a variable resistor whose value depends on the state of the nanowire (0 if it is superconductive, R hs ∼ 1 kΩ otherwise) 13 . The bias current I b is provided by a current generator through a bias tee (see Fig. 5a ). When a photon is absorbed and breaks the superconductivity, it creates a local resistive region called "hotspot". The current is then deviated to the readout circuit with a time constant ∼ L k /R hs ∼ 1 ns. Once the current has been shunted, the nanowire cools down and returns to thermal equilibrium allowing the current to return to the nanowire with a time constant of τ = L k /R L , where R L = 50 Ω is the typical load resistance. Note that, in practice, there may be other series resistance of a few Ohms due to the coaxial cables connecting the SNSPD to the amplifier, which might slightly increase the effective value of R L , and therefore slightly decrease the value of τ. Also, the amplifiers are typically capacitively coupled, which is not shown here on the drawing. The drop and the recovery of the efficiency of the SNSPD after a detection are therefore directly linked to the variation of the current and to the relation between the detection efficiency and the bias current. On Fig. 5b , we plot the system detection efficiency as a function of the bias current of a given MoSi SNSPD, and we observe that it follows a sigmoid shape 14 . We can therefore fit that curve using the equation
where I 0 and ∆I are parameters for the sigmoid and η max is the maximum efficiency of the detector. After a detection, the equivalent circuit of Fig. 5a indicates that the current variation after a detection should be described by
where I b is the nominal bias current of operation of the detector just before a detection, I drop is the current left in the nanowire immediately after a detection and τ is the time constant for the return of the current. Here, we neglect the time formation of the hotspot (and therefore the time for I to go from I b to I drop ) as, according to the electro-thermal model of Ref. 15 , its lifetime is expected to be short (typically a few hundreds of ps) compared to the recovery of the current τ. By fitting the curve of the efficiency versus the current with Eq. (1) (Fig. 5b) we can infer I 0 and ∆I; by inserting Eq. (1) in Eq.
(2) and fitting the recovery time measurement (Fig. 6a) we can estimate I drop and τ. Here, we used I b = 23.5 µA and the best fit is obtained with I drop = 3.1 µA and τ = 56 ns. Then using both results, we can infer the value of the current in the nanowire versus time as shown on Fig. 6b . It is worth noting that this method predicts that I drop > 0. Physically, this would mean that the current did not have time to completely leave the SNSPD before it became superconductive again. This is the kind of detail that is very difficult to measure directly. Admittedly, this prediction made with our method is not direct and therefore difficult to fully confirm. We note however that we obtained values for I drop greater than zero for all the tested detectors. Moreover, with the values obtained for I drop and τ, thanks to Eq. (1) and Eq. (2) and the efficiency versus bias current and time recovery measurements, it is possible to accurately predict the behavior of a detector at high detection rates, as shown in Section III C. This gives us an increased confidence in the method proposed here.
When a photon strikes the nanowire and a detection occurs, the current inside the detector drops to a percentage of its original value and not to zero. An interesting measurement possible with our method consists in sending a train of pulses (here two) with varying delay between them to measure the efficiency recovery after the second detection. With several consecutive detections, we might expect some cumulative effect with the current dropping to lower and lower values. This would lead to a longer recovery time of the detector. The results of this measurement are shown in Fig. 7 . The red curves correspond to the cases where two strong pulses where sent, with different time delays between them, and the blue curves correspond to the cases where only one strong pulse was sent. We can see that the shape of the autocorrelation curve for the third detection (in the case of 2 pulses) matches perfectly the one for the second detection (in the case of 1 pulse). This gives us good confidence that the current drops always to the same value. This has never been observed as clearly before despite being important for performance characterisation at high count rates. Indeed for experiment where the photons arrive with very short delays between them, it is important to know that the recovery time after any detection is the same and is not affected by the time delay between detections. 
C. Predicting the counting rate with a continuous wave source
We illustrate the predictive power of the hybridautocorrelation method proposed here by looking at the behaviour of SNSPDs at high counting rate, when the average time between two detections becomes comparable to the recovery time of the SNSPD. We model an experiment where the light of a continuous-wave laser is sent to the detector and the detection rate is measured as a function of the incident photons rate. To estimate the count rate versus incident photon rate from the hybrid-autocorrelation method, we run a Monte-Carlo simulation. We randomly select the time t of arrival of the photon since the last detection using the exponential distribution (which gives the probabilitity distribution of time intervals between events in a Poissonian process). Thanks to the autocorrelation measurement, we know the probability of a successful event (i.e. a detection) at time t. In case of unsuccessful event, we look at the time t + t of arrival of the next photon. Once we have a detection, we start over. We run this until we have N = 10 000 detections to estimate the count rate of the detector. Figure 8 shows, for one of the SNSPD we tested, the comparison between the experimental detection rate versus incident photon rate of the SNSPD and its prediction from the hybrid-autocorrelation measurement. We can see that the count rate data and the extrapolation from the autocorrelation measurement with I drop = 2.9 µA and τ = 58 ns fit very well together, giving a high trust in the model and in the predictive power of the method.
IV. CONCLUSION
The method we proposed here provides a fast, simple and most importantly direct characterisation of the recovery of the efficiency of a SNSPD detector. The measurements showed that the recovery of a SNSPD is faster with larger bias current and shorter wavelengths. We demonstrated that the current through a given detector always drop to the same nonzero value after detection even when subjected to several con- secutive pulses all arriving within a fraction of the total recovery time of the SNSPD. We also showed that our method can be used to correctly predict how the detection rate of an SNSPD behaves when it becomes impeded by its recovery time. Therefore, we trust our method to allow predicting the behavior of the SNSPD in other experiments where the variation of the efficiency in time is of importance. Finally, it is also worth noting that this method can be applied to any type of single-photon detector, and could be considered as a universal benchmarking method to measure and compare the recovery time of single-photon detectors.
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